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Abstract 

We study four point correlation functions of the spin 1 operators in the SU{2)q 
WZNW model. The general solution which is everywhere single-valued has log- 
arithmic terms and thus has a natural interpretation in terms of logarithmic 
conformal field theory. These are not invariant under all the crossing symmetries 
but can remain if fields possess additional quantum numbers. 
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1 Introduction 



Conformal field theory (CFT) |jT]] has had immense success both in describing critical 
phenomena and also in its applications to string theory. Logarithmic terms in cor- 
relation functions were first observed in [Q. It was realized that these were due to 
the indecomposable representations that can occur in the OPE of primary fields 
Since then there has been a large amount of literature in discovering new examples 
and applications |3-|6|,|^- ^ , |20| -p7| as well as the general classification ||28|. It has been 
shown [p9|-|3T[| that correlators obey all the normal properties of a conformal field theory 



- in particular crossing symmetry and single-valuedness. The process of constructing 
the full modular invariant conformal field theory from its chiral constituents is more 
involved than in normal CFT. 

The WZNW model is of great importance in CFT. Correlation functions in such 
models obey differential, Knizhnik-Zamolodchikov (KZ), equations ||3^ coming from 
null states in the theory. The correlation functions of fundamental fields in these models 
have been calculated explicitly. The solutions to the KZ equations and correlation 
functions in the SU{2)k model were studied by |^,|4l- There is a simple Dotsenko- 
Fateev integral representation for solutions but these do not converge in many cases. 
In particular in the cases in which logarithms appear we have to be very careful when 
analytically continuing the solutions. The factorisation of the KZ equation and the 
decoupling of null vectors in the unitary SU{2)k models was studied in general in |]35 |. 

The SU{2)q WZNW model was studied in in the context of describing NS-5 
branes. Later SU{2)q, and its supersymmetric extension, were studied in more detail 
T^. It was found that there were logarithmic terms in the four point correlation 
function of the fundamental spin | primaries. Here we extend this to the case of spin 
one operators. We shall see that although there are single-valued logarithmic solutions 
they do not satisfy all the additional constraints coming from crossing symmetry. The 
SU{2)q model is also interesting for studies of OS'p(4|4)i [^^-|3^. 

Recently it has suggested that the stress tensor itself might have a logarithmic part- 
ner. This was originally proposed in a c = CFT |^0|, which can be non-trivial if 
it is not required to be unitary. It was later realised that the same situation could 
occur for general central charge [^,^. This is due to the fact that the identity has a 
logarithmic partner and thus it becomes a zero norm state ||^. In the WZNW models 
the stress tensor is given by the Sugawara construction and it would be interesting 
to see if the Kac-Moody currents also had logarithmic partners and if the new spin 2 



fields could be constructed from these P2|,ff3 
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2 Correlation functions 



The WZNW theory has affine SU{2) left and right moving symmetries whose modes 
generate the Kac-Moody algebra: 



["^n) Jm] — cJn+m + kn6'^ ^n+m,0 (1) 

We have similar expressions for the J^. We introduce the following representation 
for the SL{2,R) generators p3| : 



J+ = x'^-2jx, J~ = -^, J' = x^-3 (2) 
ox ox ox 

The stress-energy tensor in the case of the ungauged WZNW model is given in terms 
of the normal Sugawara construction: 

= ^ : riAr(z) := ^ : \j-r + + JV^ : (3) 



where : : denotes normal ordering. The modes Ln obey the standard Virasoro algebra 

3fc 



with central charge c = We introduce primary fields, z) of the KM algebra: 



rizUAx, w) = -^—r(x)(f)Jx, w) (4) 
z — w 

where J"'{x) is given by (0). The fields (pj{x,z) are also primary with respect to the 
Virasoro algebra with Lq eigenvalue: 

/. = 4^ (5) 
k + 2 ^ ' 

Two and three point functions are determined up to a multiplicative constant. For 
the case of the four point correlation functions of SU{2) primaries the form is deter- 
mined by global conformal and SU{2) transformations up to a function of the cross 
ratios. 

{<P^,{X^,Z,)<P,,{X2, ^2)0,3(^3, Zs)<l),,{x,, Z,)) = Z^,t''-'''~''^li''4!''''~''-'' 

^h4-hi-h2-h3 ^j3+j4-jl-j2 2j2 
^31 -^43 -^42 

Here the invariant cross ratios are: 

X21X43 Z21Z43 
X = z = (7) 

X3lXi2 Z31Z42 

In a normal CFT we expect the OPE of two primary fields to take the general form: 

J 
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where we have denoted by [0j] all descendent fields that can be produced from the given 
primary field 0j. In principle given C{ji, j2, js), we know the entire operator content 
of the theory and should be able to determine all higher point correlation functions 
using the OPE and the crossing symmetries. This is called conformal bootstrap 
and has only so far been solved for the minimal models. We will see however that our 
solutions require more operators to be included in the OPE. 

Correlation functions of the WZNW model satisfy a set equations known as the 
Knizhnik-Zamolodchikov (KZ) equations due to constraints from the null states fol- 
lowing from (H). These are: 

\x) = iL_, - ^r.JSM (9) 

For two and three point functions this gives us no new information. However for 
the four point function (^) it becomes a partial differential equation for F{x,z). In 
contrast to the case of we are dealing purely with the finite dimensional 

representations of SU (2). If we now use our representation (H) we find the KZ equation 
for four point functions is: 



V 

z 



Q 



z) 



(10) 



Explicitly these are: 
V-- 



-xHi 



Q 



dx"^ 
2i2(-ji -32 



x)— + ii-3i 



x)'^x- 



dx"^ 

-2j2(ii +i2 + i3 -i4)(i 



J2 - J3 + J4 
is + ji)^ - 2jij2 

((-Jl-J2-J3+J4 + I)(l 



l)x^ + 2jix + 2j2x{l - x)) 



d_ 
dx 



xf + 2Ul-x) + 2j2x{l~x)) — 



X] 



2i2i3 



d_ 

dx 
(12) 



3 Doublet solutions 

Before detailing our spin one solutions at A; = we demonstrate that this reproduces 



1 

2' 



the previous ones for the doublet {j = |) representation. We therefore put ji 
Then we get: 

V = x\x-l)^^+{2x-x')^ + {x-l) (13) 

Q = + + (14) 

To reduce this partial differential equation to a set of ordinary ones for z we impose 
the fact that the representations are really the irreducible j = \ ones. This leads to 
the ansatz: 

T{x,z) = A{z) +xB{z) (15) 
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Substituting this into the KZ equation and separating powers of x leads to: 



dA 

dz 
dB 
dz 



-1 



1 



{k + 2)z{z-l) 

-1 1 
{k + 2)z{z-l) 



-zB{z) + -A{z) 



-A{z) +2zB{z) - -B{z) 



(16) 
(17) 



Now letting Fi = A + B F2 = —A we obtain the standard form 
dFi 



dz 
dF2 
dz 



-1 
k + 2 

-1 
k + 2 



3Fi -^2 _ Fi 

'2^ T ^ 2(2 - 1) 



3F2 



2{z-l] 



1 



El 

2z 



(19) 



For generic k these have linearly independent hypergeometric solutions |22| . However 
for certain values of k the solutions develop logarithmic singularities. For /c = these 



have the solutions 14 



pa 
Fi 



'-fC-U,z 
2 V2'2' ' , 

^ „ /I 3 

-, -;2; 1 - 
2'2' ' 



F^ 



--f(K'-,2-,z 
4 V2'2' ' , 



F 



1 3 

-, -: 1: 1 — 2; 
2'2' ' 



(20) 
(21) 



The full correlator can be constructed from these by imposing single- valuedness and 
crossing symmetry and one finds that the logarithmic terms remain. For this case there 
is little value in using the auxiliary variable approach but for higher spin representations 
it allows easy calculation of the matrices V and Q. 



4 Spin 1 Triplet representation 

For j = 1 we get: 

V = x2(x-l)^ + (-3x' + 4x)^ + (4x-2) (22) 
ax^ dx 

Q = -{l-xfx— + {3x^-2x~l)— + {2-4x) (23) 
ox^ dx 

We now impose: 

T{x,z) = F{z)+xG{z)+x'^H{z) (24) 
Proceeding as before we now get three equations: 

dF -zG{z) + 2F{z) 

K- 



dz z{z — 1) 
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dG -4F{z) + 2zG(z) - 2G(z) - 4H(z)z 

K— — = ; 1/5) 

dz z{z-l) ^ ' 

dH QH(z)z - AHiz) - Giz) 

K- — 



dz z{z — 1) 

where k = ~k — 2. 

These lead to third order ODEs for F, G and H. We calculate only the equation for 
F as G, if can be obtained easily from F. 

-k'z^z - If'^^ + K^z\z - If ((8 - ?>k)z - 4) (26) 
dz'^ dz"^ 



+Kz{z - 1) ((k - 2)(6 - n)z'^ - 6(/t - 2)z + {2k + 4)) 
^2z^k{k + 6) - 2z{3k + 8){k + 2)+ A{k + 2)^) F{z) 



dF{z) 
dz 



In the four point function of vector fields in the 0{N) model was given by an 
integral representation for general k. Our calculation is similar and has the integral 
representation: 

F{z)= I ds [ dt{st)''{{s-l){t-l)f{{s-z){t-z)y{s-tY (27) 

JCl JC2 

where a=^ (3 = ^-1 7 = ^ 6 = -^. 

However for for certain values of k, or choices of contours, this fails to converge and 
is not a very useful form. We did not manage to solve ( p6D completely but did get 
some simple solutions at k = {k = —2). This is based on the factorization of the 
above equation that occurs. We find we can rewrite the above equation as: 

((.-l)| + 2)(.(.-l)|-l)((.-l)ii + l)FW=0 (28) 

We can easily solve this and hence find solutions for F{z) and thus obtain G, H from 
them. Combining into a solution for jF(x, z) these can be conveniently written in a 
basis: 

^■(^■•^) = -2(7^ + 7 + 21(7^ <2^) 

1 + (2- l)(ln(l -z) -ln(;z)) x{z + {z - if - z) - \ti{z))) 
, x\l-2z + z{z-l){\n{l-z)-Hz))) 

+ 2^2(^-1)2 ^^^^ 

l-z + \n{z) x\n{z) x^{l - z + z\n{z)) 
= - 2(.-l) 2z\z-l) 
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It is easily verified that these solve the above equations (]25|). As we are dealing with 
the finite dimensional representations we wish to remove the x dependence at the end 
by expanding in terms of Xi,X2,X3,X4. However it is generally more convenient to do 
so after imposing the constraints due to crossing symmetry. We now combine these 
with their antiholomorphic components into the full correlator 



G{X,X,Z,Z) = Ua,b^a{x,z)J='b{x,z) 



(32) 



To make this single-valued everywhere we find: 

G{x, X, z, z) = [/i,iJFi(x, z)J^i{x, z) + Ui^2 ^lix, z)J^2ix, z) + JF2(x, z)J^i{x, z) 



+ f^l,3 Z)J^3{X, Z) + J^3(X, z)Tx{x, z) 



(33) 



In contrast to normal CFT this does not have a simple diagonal form. This is one 
well known difference in logarithmic CFT. In order to get a well defined correlator we 
must also impose the crossing symmetries: 



G[x, X, 2;, 2;) = ^(1 — x,l — x,l — z,l — z) 

G(x, X, z, z) = z-^'^z-^'-'x^'x^'Gi-, -,-,-) 

X X z z 



Under x, z 



Under x, z 



1 — x,l — z we have : 



-T2 ^^^^2 + ^2, 



I 1. 

a; ' 2 ' 



^1 



X^ 



(34) 
(35) 

(36) 
(37) 



If we put L^i,3 = 2 \J\^2 then our solution is invariant under (^) whereas if U\^2 = 
2 [/i 3 then we have invariance under (^). Thus the only solution obeying both crossing 
symmetries is Ui^2 = ^1,3 = and so the logarithmic solutions do not contribute to the 
correlator. If there is some other symmetry present in a problem, besides the affine 
SU{2)o then the correlator will not be invariant under all the crossing symmetries. We 
comment on this later. We can now remove the x dependence and go back to the index 
notation. We do this using 



h{x, z 



X 



iz) + 



(3^ 



with similar expressions for the antiholomorphic part. From the general form in aux- 
iliary variables we get the following expected two and three point equations: 



i?(Xi,2i)0?(x2,22))=A^ 

^12 



(39) 
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^12^13^23 

We can now do the same for our four point function. If ?7i 2 = ^7i,3 
we have the correlator: 



(40) 

in (PI) then 



(0r(^i)c(^2)0r(^3)</'r(^4)) 



(41) 



C 



adxbc 



+ 



+ 



2^132^142:232^24 Z12Z34Z14Z32 Z13Z12Z43Z42 



^ab^cd 



+ 



^ac^bd 



+ 



^ad^bc 



2^132^142:232:24 2122:342:142:32 2;i32;i22;432;42- 



A, B and C are constants which can only be obtained through the consistency of all 
the OPE's. In unitary CFT we can always normalize ^4 = 1 as all null operators must 
decouple. In our case A; = and even the Kac-Moody current J{z) and the stress 
tensor T{z) have vanishing two point functions, and consequently we cannot impose 
this if we wish to obtain a non-trivial theory. Assuming that C 7^ then expanding 
the four point function above reveals: 



<^"(z)0^(O) 



i^abcQc 



+ (5"''i?(0) + ... 



Q%z)Q\0) ~ - 



R{z)R{0) 



z" 



(42) 
(43) 
(44) 



We have also found explicit solutions for the case of ji = i3 = 1 j2 = ji = \- In 
this case we have only two conformal blocks. We obtain two solutions, one of which 
has logarithmic terms in its expansion, the other being well behaved: 



JF(a;, z) 



A 



arcsin(22 - 1) + 2^2(1 



B 



- 1 

22 



2) (22 - 1) arcsin(22 - 1) + 2^2(1 - 2) 
h X 



z{l - 2) 



1 



X- 



z(l-z) 



(45) 



Imposing the crossing symmetry x, z —* 1 — x,l — z implies A = and we are 
again left with the non-logarithmic terms. As previously mentioned the OPEs for two 
fundamental fields were found from the four point function |14]. By expanding the 
above expression one can combine our results (B2p with theirs. 



If we have additional global symmetries present and fields have extra quantum 
numbers then it is not necessary to impose all of the crossing symmetry. Then we find 
that we may have logarithmic solutions: 



{B,{xuZi)B2ix2, 22)^1 (X3, Zs)B2{x4, Z4)) = f/1,2 F,{x, 2)(F2(X, z) + 2F3(X, z)) (46) 



+ (F2(a;,2:) + 2F3(a:,2:))Fi(x,2) 



7 



ln( 



ac xbd 



^ 212^34 ' 



2^12 2^34 2^23 2^14 



ad she 



^ab^cd 
1 

2^23^14 



212234 
+ 



+ 



ln( 



212234 ^ 
223214 ' 



223214 
^212234 



2^23 2^14 2^13 2^24 

xc.c 



(47) 



2^12 2:34 2^13 2^24 



where we have denoted bosonic fields by B12 and fermionic ones by Fi 2. In (|46D we 
have ignored the contribution of terms of the type (0) as these have aheady been 
commented on. 

In the fermionic case we have the following OPE's. 



F^{z,)F!^{z,) ~ — + 

2-12 



abc 



P%Z2) , lnzi2 «e"^^Q'=(22 



2^12 



+ 



2:12 



(4J 



W{z2) + In^ia ie''"'S\z2) + d'^'T^z^) + In 212 <5'^''t(22) + 



5 Conclusion 

We have found the general solution for the four point function of the vector repre- 
sentation in the SU{2)q model. If we impose single- valuedness and all the crossing 
symmetries then we find that all the logarithmic terms vanish. The logarithmic terms 
can thus only be present if fields possess additional quantum numbers. 

In contrast to irreducible representations in a general indecomposable representation 
there is no reason to assume that the central extensions must act diagonally. If the 
logarithmic partner of the stress tensor also involves a non-diagonal central charge 
then there seems to be no reason that a similar phenomenon could not occur in the 
Kac-Moody algebra. It would be interesting to see study the relation between these. 
In |^3| a connection was derived between SU{2)k WZNW and the minimal models 



(See also where it was used to relate the quantum theory of the plateau transition 
to Liouville). This relates four point functions in SU{2)q to five point ones in the 
c = —2 minimal model. Presumably this means much of the structure is the same. 



The c = —2 theory is one of the best understood LCFTs ||2^ and in particular it 
is quasi-rational i.e fields fall into a finite number of representations of a higher spin 
algebra. It would also be interesting to see if the factorization properties of the KZ 
equation are related to those of the minimal models. We hope to study some of these 
questions in future work. 
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